In this paper we study the Liouville type problem for the stationary Navier-Stokes equations in R 3 . We deduce an asymptotic formula for an integral involving the head pressure, Q = 1 2 |v| 2 + p, and its derivative over domains enclosed by level surfaces of Q. This formula provides us with new sufficient condition for the triviality of solution to the Navier-Stokes equations.
Introduction
In this paper we are concerned on the Liouville type problem for the ndimensional steady Navier-Stokes equations in Here, v = (v 1 (x), v 2 (x), v 3 (x)) is a vector field in R 3 , and p = p(x) is a scalar field. Obviously (v, p) with v = 0 and p =constant is a trivial solution to (1.1)-(1.2). An important question is if there is other nontrivial solution. This uniqueness problem, or equivalently Liouville type problem is now hot issue in the community of mathematical fluid mechanics. In general we impose an extra condition, the finiteness of the Dirichlet integral,
The Liouville type problem for the solution of (1. 3) under various sufficient conditions. In the following theorem we derive an asymptotic blowup rate for an integral of the head pressure over a region enclosed by level surfaces of the head pressure. The integral has the same scaling property as the Dirichlet integral. For k ∈ N let us define
and set exp k (1) := e k , e 0 (x) = log 0 (x) := 1 for all x ∈ R. 
In order to appreciate the above theorem we consider the following simple case with k = 0. (log(1/λ))
and if
dx has the same scaling as R 3 |∇v| 2 dx. As an immediate consequence of the above corollary we have the triviality,
dx < +∞. Indeed, if Q =constant, then (2.1) below implies ω = 0, and this together with ∇ · v = 0 leads to v = ∇h for a harmonic function h, which is zero from the condition (1.2) by the Liouville theorem for a harmonic function. It would be interesting to note the following inequality, which follows from the Sobolev embedding,
We see that v is trivial if the right hand side of (1.8) is finite. The left hand side of (1.8) is, however, easily shown to be finite from the hypothesis of Theorem 1.1. Indeed, using the well-known Calderon-Zygmund inequality [11] for the pressure, ∆p = −
2 Proof of Theorem 1.1
Given smooth solution (v, p) of (1.1) we set the head pressure Q = p + Indeed, multiplying the first equation of (1.1) by v, we have
Taking divergence of (1.1), we are led to
Adding (2.3) to (2.2), and observing |∇v| 2 − Tr(∇v(∇v) ⊤ ) = |ω| 2 , we obtain (2.1). We also recall that it is known (see e.g. Theorem X.5.1, p. 688 [2] ) that the condition (1.2) together with (1.3) implies that p(x) →p for some constantp as |x| → +∞. Therefore, re-defining Q −p as new head pressure, we may assume
In view of (2.4), applying the maximum principle to (2.1), we find Q ≤ 0 on R 3 . Moreover, by the maximum principle again, either Q(x) = 0 for all x ∈ R 3 , or Q(x) < 0 for all x ∈ R 3 . Indeed, any point x 0 ∈ R 3 such that Q(x 0 ) = 0 is a point of local maximum, which is not allowed unless Q ≡ 0 by the maximum principle. Let Q(x) = 0 on R 3 , then without the loss of generality we may assume Q(x) < 0 for all x ∈ R 3 . We set inf x∈R 3
Q(x) = m < 0.
Let us consider a function f : R + → R, which is Lipshitz continuous, and satisfying f (0) = 0. Given λ ∈ (0, |m|), we multiply (2.1) by f (−Q), and then integrating it over the set {x ∈ R 3 | |Q(x)| > λ}, we have
Using the divergence theorem, we compute 6) where ν denotes the outward unit normal vector on the level surface.
By the divergence theorem and (2.1) we have 8) where in the third equality we used (2.1) and the fact
Summarizing the above computation, we have
Let us set α = −β(log k+1 (1/λ)) −1 , β > 0 in (2.11), and pass λ → 0. Then, we deduce
where we used the dominated convergence theorem together with the fact that
−β(log k+1 (1/λ)) −1 ≤ 1 (2.14)
on {x ∈ R 3 | |Q(x)| > λ}. Inserting (2.14) into (2.12), and using (2.13), we obtain e −β lim 
